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CHROMATIc - Kg- MINOR
NUMBER (sobstructure)

%(6) =4 Ky as a miner



ConJecTure (HADWIGER [943)

r.&: G 1§ QA %mpﬂ. wheose chremaic
rumber s e.iaai te 1 y then G
contains +the camPlete %rq&'@\, KJ&.

as ea MINOR,

xX@G) > b = Kh_mmﬂ
[No Kk-minor — %CG)< A




HaDWIGER'S CoNJECTURE AsS
A GCENERALIZATION BF

THE Four -CoLoR— THEOREM

FOuR‘COLDQ-THEDREPi: EVer% fb\qnqr %rqbo&u
can b G-colored . X(G) € 4.

[(5 is non-f(anqr =)

Flanar ?rqphs cannot coentain
(ne)

Ke=minors —= X <k,




WAGNER’a EQULUALE'NCE meoae‘t:l- [1‘?37)

LUCT & HC(5).

STRUCTURE OF GRAPHS THAT DO NOT conTAIN Kg=-MINORS

o Tree-Like
o small overlap

(at most 3 vertices
whicle are “elose

~can be made aoliaccu'l:)

"Bui\cliv\a blocks arve
planar or subgraplms of




Ha,d.w C%e.r -Fe rm u(cd:Cd 'Ur\\'s Conjec'(].n.rc asS an
attemi){: te 321'\8\"&((2& 4CC without reference
't'b t"f"""%‘ﬁ (un\t‘!.e. -Umen an\un ‘Heo.\nacd\ s Tkeore"‘).

Seme Tgo‘:\e believe that K (s todqﬁ

+the wost O\d:-'ﬁ’('amé»iw% epen r‘)roblem ™ %ra.gk
-Hﬂeor: (seme OQ us may Ssemewhat clis&%neg),

AH:kou.% the LCT oy net have sb'ikius consequences

-l-,o Mq&\&m&"xcs IS HC would be much mere ‘l"Vl.-FlA.a.e\d'\‘q(,

Tt \lal&cli-ba would. erease eur svevall ovwde TS'&QM

o.& various related problems,



WHAT 15 KNowN

+rivial
a\most +trivial
eass ( Hadwiser -Dirqc)

WCT (\:Ja%ner's Eguivalence T\\eorcm)

HCT (Robertson, Seymour & Thomas)
1993

OPEN



‘Hc(e)l
THEOREM :

(Rebertsen, Seymour, end Thomas 1943)

Everg mini mal C@unfarexamrte. + Hc (¢)
contains a vertex such that after deletcn&

that vertex a ?(anar %rayk s obfalned,

LCT was proved in ~ |27C by Appel amd Haken,
Ancther f""”-F by RSST (199¢).



CoLor -~ CRITICAL GRAPHS

A minimal Coun‘l:erexampfe t HC(R) would be

‘&-C‘RIT‘ICA—L 5 1, ?C(G)=& but every Frofer
vagm@e\ H would have Y(H)< &

Easy_Sfact: T G is h-eritical, then every vertex
of G has Aegre.e at least G-1.



T;fEDREM ( Kostockka )’TT\oma.sen " i‘l80’3>

There exists a constant <« such €hat every raph
wh mintmum degree at (east

rc%.\)(o% Y

contains 'Hm& comPle‘l:e %my& K_& as a minor,

CoroLLary (APPROXMATE ke.)

_T..g G does net contain K‘&-mcvlcrs’ +hen
X(G) € O(hVlogh).



o & & CONJEC‘F’URE‘

et G be a grafﬂ of order m. such that no three

ver-h'ces m G are mw‘-u.al_(j nov\-o.d."accn‘t, Then X,(G)) %

x(G) = max #’ﬂ-f vertices (in G that are mufuq{(gtr_
non-ad J acent

X&) 2 27

CoNJECTURE I-f- «(G)=2 , then G contalug
K[“/z-\ -~ Mmunor,



max, number ol

ProPosiTien: T4 (G) =2, then G conlains

®  Ryngt = ntrer.

(S

§ < VY D

4

<

’--9*3 < Y D

3 >
inKb‘
s

Neo improvements are lknown.



7711 Same Frooqﬁ ?c'vcs a resal€ »Provec( v (980
393 Duchetr and Meyniel :

W—tEOREM, Everg 5ray?~ G satisfies '[(G)?—%

(G
O-V\d Con'todks K&-—minor #r &::.ZM(G)"’— .

WO,

Generalized S

o contains & 20¢(G)-1 vertices

s &&3 ulls 7

Every other vertex (in othey gtv"—ro(t'zcc{ seqgalls )
(S o.o(iageeu‘l‘ t© some vertex 98’ S



SOME RELATED CoNJECTURES

STRENGTHENING (A) BY GERARDS & SEYHOUR :

‘ Cony : Y(G) 2 £ = G contains an odd KA-m:norJ

Ddd wiver ;

STRENGTHENING (B) BY KAWARABAYASHI & B.M. :

!CoN_\z No K&—minor iw G = <A(6) ¢

cb(G) -... list-chromatic number (chotce nwmber)

Botlh .,F +hese cavyec“'ure.s try to bias the fact that 2-colomble
%mp Mca eontain | "ﬁe wmple‘ke gmpk mdnors,



WeAKeR coNiEcTuREs (C) |, () :

ConuecTVRE : X (GQ) = & = K:L,b.—t —miner
. evany <,

CONJECTORE 3 constant eobuscf»\ +hat euers %ru?%.
G oﬁ' chrematic number & cowtains




Sqme, recent deueb?m e_n'l:s

7 Kawara.l-ataasu & Seng

Od A Kj: miners
\ Geelen' Gerards, Gocﬂclav\,

Reed ) .Secamomr, Vetka

e Reed , Seymour

\

Afrrﬁ*iwh"\s X lisk-co(mfnas
Kawarabaygash: & B.M.

Tucorem (Reed , Seymour): If A () 228, then G contalus

& KA— wiinev.

X{. -‘-rac:l:ionql chrematic number
35

Eacl. vertex recelves t colers *
total nuwber o.(: colors 1S .

£,




@;RoxIMAT(oN AND ALGOR(T/(HIC /(SPEcT:ﬂ

Ti.l,g oREM ( Kawara ba.aas)\i kBM):

Tor cvery .glixetl ?2.) there exists a_ cubictime
a(%orCH\m which -g:or a %\‘.QQV\ %mt*‘« G elthenw

(;') Tinde a K&- vminory twn G; er
(it) ver{(ies “hat G s 15.5&—::‘1003a|9(e’ er

(i) §inds a subgraph H of G <f order < N(4)
st. H has wno Ko=minors and is wot
(9.5 L-¢)- choosable.

K&- minor
A lternative result / 974 coloring,

—

for nsual celerings \

ne IC“.— minors &

wmall minor H
. : not 27k~ calcmue.



UNPoBLISHED RESULT of RoBERTSON & SEYMOUR .
e WK, ko{A$) then

Thev‘& exists a ?o(ténomia(-bcm& a.(%or&(:kw;
for - colorimg qrapha im am arbitrary
minor-closed Lamily ©f 3-06)&4 JI pucl. theX
4, § L.

— }z-cotorins‘ or

o= K - MI..\!\OT‘ or

St )
— omall counterex, to H.c. (&),

T

[ ——— -



